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EXTREMAL LOOP WEIGHT MODULES AND TENSOR PRODUCTS
FOR QUANTUM TOROIDAL ALGEBRAS
MATHIEU MANSUY
Abstract. We define integrable representations of quantum toroidal algebras of
type A by tensor product, using the Drinfeld “coproduct”. This allow us to recover
the vector representations recently introduced by Feigin-Jimbo-Miwa-Mukhin [6] and
constructed by the author [21] as a subfamily of extremal loop weight modules. In
addition we get new extremal loop weight modules as subquotients of tensor powers of
vector representations. As an application we obtain finite-dimensional representations
of quantum toroidal algebras by specializing the quantum parameter at roots of unity.
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1. Introduction
Consider a finite-dimensional simple Lie algebra g. The quantum toroidal algebra
(or double affine quantum algebra) Uq(g
tor) associated to g was first introduced by
Ginzburg-Kapranov-Vasserot in type A [8] and then in the general context in [15, 23]. It
is built from a copy of the quantum affine algebra Uq(gˆ) and a copy of the quantum loop
algebra (quantum affine algebra without derivation element), by the Drinfeld quantum
affinization process. Quantum toroidal algebras are the subject of intensive research
with applications in mathematics and physic (see for example [9, 11, 22, 25] and more
recently [6, 5, 24]).
The representation theory of quantum toroidal algebras is very rich and promising.
There exists a notion of loop highest weight modules (see [22, 23]), analogs of the
highest weight modules in the toroidal case. It is also possible to introduce the coun-
terpart of extremal weight Uq(gˆ)-modules for quantum toroidal algebras. Extremal
weight modules are integrable representations of Uq(gˆ) introduced by Kashiwara [17].
They are the subject of numerous papers (see [2, 13, 18] and references therein) and
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have a particular importance because some of them have finite-dimensional quotients.
In the spirit of works of Kashiwara, Hernandez [11] introduced the notion of extremal
loop weight modules for Uq(g
tor): they are integrable representations generated by an
extremal vector (in the sense of Kashiwara [17]) for the copy of the quantum affine
algebra Uq(gˆ) in Uq(g
tor). The main motivation is to construct finite-dimensional rep-
resentations of quantum toroidal algebras by specializing the quantum parameter at
roots of unity.
In a recent work [21] the author constructed the first known family of extremal loop
weight modules for quantum toroidal algebras of type A: when n = 2r+1 is odd (with
r ≥ 1), we have defined extremal (fundamental) loop weight representations associated
to the nodes ℓ = 1, r + 1 and n of the Dynkin diagram. This construction is based on
monomial realizations of crystal bases of extremal fundamental weight Uq(gˆ)-modules.
0
1 r+1 n
The construction done in the article is inspired by the original study of extremal
weight modules: these representations are closely related to a tensor product of a
simple highest weight module and a simple lowest weight module (see [17]). In the
present paper we consider the tensor product of a simple loop highest weight module
and a simple loop lowest weight module, depending of a node ℓ 6= 0 of the Dynkin
diagram and non zero complex parameters a, b. No Hopf algebra structure is known
for Uq(sl
tor
n+1) but there exists a coproduct ∆D (the Drinfeld coproduct) which involve
infinite sums. Under some conditions on the parameters a and b and using analogous
features as in [10], we show that ∆D is well-defined on the tensor product and endow it
to a structure of integrable Uq(sl
tor
n+1)-module (Theorem 3.1). The representation hence
obtained is not extremal in general (Proposition 3.6): a necessary condition is that

n is even and ℓ = 1, n
or
n = 2r + 1 is odd and ℓ = 1, r + 1, n
and b = aqmin(ℓ,n+1−ℓ). When ℓ = 1 or n, we show that this representation (denoted
Va) is loop extremal (Theorem 3.9): we recover here the vector representation defined
in [6] by Feigin-Jimbo-Miwa-Mukhin for the d-deformation Uq,d(sl
tor
n+1) of the quantum
toroidal algebra Uq(sl
tor
n+1), and constructed by the author in [21].
We want to construct a large family of extremal loop weight Uq(sl
tor
n+1)-modules. A
well-known result of representation theory says that every finite-dimensional simple
module over the quantum group Uq(sln+1) is a subquotient of tensor powers of vector
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representations (see for example [14]). Motivated by this fact, we consider the analogous
situation for Uq(sl
tor
n+1): we study tensor powers of vector representations Va1⊗· · ·⊗Vak
with a1, · · · , ak non zero complex parameters. Using analogous features as in [6] we
show that, under some conditions on the ai’s, ∆D endows this tensor product with a
structure of Uq(sl
tor
n+1)-module. When the parameters ai form a q-segment, we recover
all the extremal loop weight modules constructed in [21] as subquotients of this tensor
product (Theorem 4.16 and Proposition 4.12). We also obtain new extremal loop
weight representations of Uq(sl
tor
n+1) when the parameters are chosen generic (Theorem
4.2 and Theorem 5.2). By specialization, we get new finite-dimensional representations
of quantum toroidal algebras at roots of unity.
Tensor products of vector representations are also studied in [6] for Uq,d(sl
tor
n+1). Let
us point out that their approach and motivations are different than ours: they define an
action of Uq,d(sl
tor
n+1) on an infinite tensor product of vector representations by a semi-
infinite wedge construction. They construct in this way a large family of irreducible
loop lowest weight representations of Uq,d(sl
tor
n+1). As an application they obtain combi-
natorial descriptions of representations of Uq(sˆln+1) by restriction. Other applications
are expected in conformal field theory for the AGT conjecture. Our motivations are
different: our aim is to find a process to construct a large family of extremal loop
weight modules for all the quantum affinizations. This is the main reason why we work
with Uq(sl
tor
n+1) instead of its d-deformation. In fact d-deformations of quantum toroidal
algebras not of type A are not known. We show on an example that the features we
develop in the paper can hold for quantum toroidal algebras of other types: we con-
struct an extremal loop weight module for the quantum toroidal algebra of type D4
(Theorem 6.2). This is the first example of such module in type different to A.
The paper is organized as follows.
In Section 2 we recall the main definitions of quantum affine algebras Uq(sˆln+1) and
quantum toroidal algebras Uq(sl
tor
n+1) and we briefly review their representation theory.
In particular one defines the extremal weight modules and the extremal loop weight
modules. In Section 3 we study tensor products of simple ℓ-highest weight modules
and simple ℓ-lowest weight modules. Section 4 and Section 5 are devoted to the study
of tensor products of vector representations. In Section 6 we construct an example of
extremal loop weight module for the quantum toroidal algebra of type D4.
Acknowledgements: I would like to thank my advisor David Hernandez for his
encouragements and for his numerous and precious comments. I want also to thank
Alexandre Bouayad for his accurate and helpful remarks. I thank Vyjayanthi Chari for
her interest about this work and her hospitality during my stay at the University of
Riverside.
2. Background
2.1. Cartan matrix. Fix a natural number n ≥ 2. Set I = {0, . . . , n}. It will be often
identified with the set Z/(n + 1)Z, and we will denote by i¯ the class of an integer i in
Z/(n+ 1)Z. Let C = (Ci,j)i,j∈I be the Cartan matrix of type A
(1)
n ,
Ci,i = 2 , Ci,i+1 = Ci+1,i = −1 and Ci,j = 0 if j 6= i, i ± 1.
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Set I0 = {1, . . . , n}. In particular, (Ci,j)i,j∈I0 is the Cartan matrix of finite type An.
Consider the vector space of dimension n+ 2
h = Qh0 ⊕Qh1 ⊕ · · · ⊕Qhn ⊕Qd
and the linear functions αi (the simple roots), Λi (the fundamental weights) on h given
by (i, j ∈ I)
αi(hj) = Cj,i, αi(d) = δ0,i,
Λi(hj) = δi,j , Λi(d) = 0.
Denote by Π = {α0, . . . , αn} ⊂ h
∗ the set of simple roots and Π∨ = {h0, . . . , hn} ⊂ h
the set of simple coroots. Let P = {λ ∈ h∗ | λ(hi) ∈ Z for any i ∈ I} be the weight
lattice and P+ = {λ ∈ P | λ(hi) ≥ 0 for any i ∈ I} the semigroup of dominant weights.
Let Q = ⊕i∈IZαi ⊂ P (the root lattice) and Q
+ =
∑
i∈I Nαi ⊂ Q. For λ, µ ∈ h
∗, write
λ ≥ µ if λ− µ ∈ Q+.
Denote by W the affine Weyl group: this is the subgroup of GL(h∗) generated by
the simple reflections si ∈ GL(h
∗) defined by si(λ) = λ− λ(hi)αi for all i ∈ I.
Let c = h0 + · · ·+ hn and δ = α0 + · · ·+ αn. We have
{ω ∈ P | ω(hi) = 0 for all i ∈ I} = Qδ.
Put Pcl = P/Qδ and denote by cl : P → Pcl the canonical projection. Denote by
P 0 = {λ ∈ P | λ(c) = 0} the set of level 0 weights.
2.2. Quantum affine algebra Uq(sˆln+1).
2.2.1. Definition. In the whole article t ∈ C is fixed such that q = et ∈ C∗ is not a root
of unity. For l ∈ Z, r ≥ 0,m ≥ m′ ≥ 0 we set
[l]q =
ql − q−l
q − q−1
∈ Z[q±1], [r]q! = [r]q[r − 1]q . . . [1]q,
[
m
m′
]
q
=
[m]q!
[m−m′]q![m′]q!
.
Definition 2.1. The quantum affine algebra Uq(sˆln+1) is the C-algebra with generators
kh (h ∈ h), x
±
i (i ∈ I) and relations
khkh′ = kh+h′ , k0 = 1,
khx
±
j k−h = q
±αj(h)x±j ,
[x+i , x
−
j ] = δi,j
ki − k
−1
i
q − q−1
,
(x±i )
(2)x±i+1 − x
±
i x
±
i+1x
±
i + x
±
i+1(x
±
i )
(2) = 0.
We use here the notation k±1i = k±hi and for all r ≥ 0 we set (x
±
i )
(r) =
(x±i )
r
[r]q!
. One
defines a coproduct on Uq(sˆln+1) by setting
∆(kh) = kh ⊗ kh,
∆(x+i ) = x
+
i ⊗ 1 + k
+
i ⊗ x
+
i , ∆(x
−
i ) = x
−
i ⊗ k
−
i + 1⊗ x
−
i .
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2.2.2. Subalgebras. Let Uq(sˆln+1)
′ be the subalgebra of Uq(sˆln+1) generated by x
±
i and
kh with h ∈
∑
Qhi. This has Pcl as a weight lattice.
Let Uq(sˆln+1)
+ (resp. Uq(sˆln+1)
−, Uq(h)) be the subalgebra of Uq(sˆln+1) generated
by the x+i (resp. the x
−
i , resp the kh). We have a triangular decomposition of Uq(sˆln+1).
Theorem 2.2. [19] We have an isomorphism of vector spaces
Uq(sˆln+1) ≃ Uq(sˆln+1)
− ⊗ Uq(h) ⊗ Uq(sˆln+1)
+.
2.3. Representations of Uq(sˆln+1).
2.3.1. Highest weight modules. For V a representation of Uq(sˆln+1) and ν ∈ P , the
weight space Vν of V is
Vν = {v ∈ V | kh · v = q
ν(h)v for any h ∈ h}.
Set wt(V ) = {ν ∈ P | Vν 6= {0}}.
Definition 2.3. A representation V is said to be in the category O if
(i) it admits a weight space decomposition V =
⊕
ν∈P Vν,
(ii) Vν is finite-dimensional for all ν,
(iii) wt(V ) ⊂
⋃
j=1···N{ν | ν ≤ λj} for some λ1, · · · , λN ∈ P .
For λ ∈ P , a representation V is said to be of highest weight λ if there is v ∈ Vλ
such that for any i ∈ Ix+i · v = 0 and Uq(sˆln+1) · v = V . Such a representation is in
the category O. Furthermore there is a unique simple highest weight module of highest
weight λ.
Definition 2.4. A representation V is said to be integrable if
(i) it admits a weight space decomposition V =
⊕
ν∈P Vν,
(ii) for any v ∈ V and i ∈ I, there is N ≥ 1 such that (x±i )
N · v = 0.
Theorem 2.5. [19] The simple highest weight module of highest weight λ is integrable
if and only if λ is dominant.
2.3.2. Extremal weight modules.
Definition 2.6. [17] Let V be an integrable Uq(sˆln+1)-module V and λ ∈ P .
(i) A vector v ∈ Vλ is called i-extremal with i ∈ I if
x±i · v = 0 if ± λ(hi) ≥ 0.
We set in this case Si(v) = (x
∓
i )
(±λ(hi)) · v.
(ii) The vector v ∈ Vλ is called extremal of weight λ if for all l ≥ 0, Si1 ◦ · · · ◦Sil(v)
is i-extremal for any i, i1, · · · , il ∈ I.
Definition 2.7. [17] For λ ∈ P , the extremal weight module V (λ) of extremal weight
λ is the Uq(sˆln+1)-module generated by a vector vλ with the defining relations that vλ
is extremal of weight λ.
Theorem 2.8. [17] The module V (λ) is integrable and has a crystal basis B(λ).
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Example 2.9. If λ is dominant, V (λ) is the simple highest weight module of highest
weight λ.
Remark 2.10. To prove Theorem 2.8, the tensor product V (λ+)⊗ V (−λ−) is consid-
ered in [17, Section 8.2], with
λ+ =
∑
λ(hi)≥0
λ(hi)Λi and λ− = λ+ − λ ∈ P
+.
For any 1 ≤ ℓ ≤ n set ̟ℓ = Λℓ − Λ0.
Theorem 2.11. [18]
(i) V (̟ℓ) is an irreducible Uq(sˆln+1)-module.
(ii) Any non-zero integrable Uq(sˆln+1)-module generated by an extremal weight vec-
tor of weight ̟ℓ is isomorphic to V (̟ℓ).
(iii) As a Uq(sˆln+1)
′-module, V (̟ℓ) admits an irreducible and finite-dimensional
quotient.
2.4. Quantum toroidal algebra Uq(sl
tor
n+1).
2.4.1. Definition. We recall the definition of the quantum toroidal algebra Uq(sl
tor
n+1)
(without central charge) in terms of currents.
Definition 2.12. [8] The quantum toroidal algebra Uq(sl
tor
n+1) is the C-algebra with
generators x±i,r (i ∈ I, r ∈ Z), kh (h ∈ h), hi,m (i ∈ I,m ∈ Z − {0}) and the following
defining relations (i, j ∈ I, h, h′ ∈ h):
khkh′ = kh+h′ , k0 = 1,
φ±i (z)φ
±
j (w) = φ
±
j (w)φ
±
i (z) , φ
−
i (z)φ
+
j (w) = φ
+
j (w)φ
−
i (z),
(1) (w − q±Cijz)φ+i (z)x
±
j (w) = (q
±Cijw − z)x±j (w)φ
+
i (z),
(2) (w − q±Cijz)φ−i (z)x
±
j (w) = (q
±Cijw − z)x±j (w)φ
−
i (z),
[x+i (z), x
−
j (w)] =
δi,j
q − q−1
(δ
(w
z
)
φ+i (w) − δ
( z
w
)
φ−i (z)),
(3) (z − q±Cijw)x±i (z)x
±
j (w) = (q
±Cijz −w)x±j (w)x
±
i (z),
x±i (z1)x
±
i (z2)x
±
j (w) − (q + q
−1)x±i (z1)x
±
j (w)x
±
i (z2)
+x±j (w)x
±
i (z1)x
±
i (z2) + (z1 ↔ z2) = 0,
for j = i+ 1, i− 1, and [x±i (z), x
±
j (w)] = 0 for i 6= j, j + 1, j − 1.
We use here the formal power series δ(z) =
∑
s∈Z z
s and
x±i (z) =
∑
r∈Z
x±i,rz
r,
φ±i (z) =
∑
m≥0
φ±i,±mz
±m = k±1i exp(±(q − q
−1)
∑
m′≥1
hi,±m′z
±m′).
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2.4.2. Automorphisms of Uq(sl
tor
n+1). For b ∈ C
∗, let tb be the automorphism of Uq(sl
tor
n+1)
which sends the series x±i (z) and φ
±
i (z) to x
±
i (bz) and φ
±
i (bz) respectively, and kh to
kh.
Let us consider the automorphism of the Dynkin diagram of type A
(1)
n corresponding
to the rotation, which sends i to i + 1 for i ∈ I. It defines an automorphism θh of h
by sending hi, d to hi+1, d. This also defines an algebra automorphism θ of Uq(sl
tor
n+1)
which sends the series x±i (z) and φ
±
i (z) to x
±
i+1(z) and φ
±
i+1(bz) respectively, and kh to
kθh(h).
Let us consider the automorphism of the Dynkin diagram of type A
(1)
n sending i to −i
for all i ∈ I. It defines an automorphism ιh of h by sending hi, d to h−i, d. Furthermore
it induces an algebra automorphism of Uq(sl
tor
n+1) we still denote ι, which sends the
series x±i (z) and φ
±
i (z) to x
±
−i(z) and φ
±
−i(z) respectively, and kh to kιh(h).
2.4.3. Subalgebras. There is an algebra morphism Uq(sˆln+1) → Uq(sl
tor
n+1) defined by
kh 7→ kh , x
±
i 7→ x
±
i,0. Its image is called the horizontal quantum affine subalgebra
and is denoted by Uhq (sl
tor
n+1). In particular, a Uq(sl
tor
n+1)-module V has also a structure
of Uq(sˆln+1)-module. We denote by Res(V ) the restricted Uq(sˆln+1)-module obtained
from V .
The quantum loop algebra Uq(sˆln+1)
′ has another realization in terms of Drinfeld
generators [1, 4]: this is the C-algebra with generators x±i,r, kh, hi,m with i ∈ I0, r ∈
Z,m ∈ Z−{0}, h an element of the Cartan subalgebra of sln+1, and the same relations
as in Definition 2.12. It is isomorphic to the subalgebra Uvq (sl
tor
n+1) of Uq(sl
tor
n+1) generated
by the x±i,r, kh, hi,m with i ∈ I0, r ∈ Z, h ∈
⊕
i∈I0
Qhi,m ∈ Z−{0}. U
v
q (sl
tor
n+1) is called
the vertical quantum affine subalgebra of Uq(sl
tor
n+1).
For J ⊂ I denote by Uq(sl
tor
n+1)J the subalgebra of Uq(sl
tor
n+1) generated by the x
±
i,r,
kh, hi,m with i ∈ J, r ∈ Z, h ∈ ⊕i∈JQhi,m ∈ Z− {0}.
For all j ∈ I, set Ij = I − {j}. The subalgebra Uq(sl
tor
n+1)Ij will be simply de-
noted Uv,jq (sltorn+1). In particular U
v,0
q (sltorn+1) is the vertical quantum affine subalgebra
Uvq (sl
tor
n+1) of Uq(sl
tor
n+1). All the U
v,j
q (sltorn+1) for various j ∈ I are isomorphic.
For i ∈ I, we will denote by Uˆi the subalgebra Uq(sl
tor
n+1){i}. It is isomorphic to
Uq(sˆl2)
′.
We have a triangular decomposition of Uq(sl
tor
n+1).
Theorem 2.13. [22, 23] We have an isomorphism of vector spaces
Uq(sl
tor
n+1) ≃ Uq(sl
tor
n+1)
− ⊗ Uq(hˆ)⊗ Uq(sl
tor
n+1)
+,
where Uq(sl
tor
n+1)
± (resp. Uq(hˆ)) is generated by the x
±
i,r (resp. the kh, the hi,m).
2.5. Representations of Uq(sl
tor
n+1).
2.5.1. Loop highest weight modules.
Definition 2.14. A representation V of Uq(sl
tor
n+1) is said to be integrable (resp. in the
category O) if Res(V ) is integrable (resp. in the category O) as a Uq(sˆln+1)-module.
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Definition 2.15. A representation V of Uq(sl
tor
n+1) is said to be of loop highest (ℓ-highest
for short) weight if there is v ∈ V such that
(i) V = Uq(sl
tor
n+1)
− · v,
(ii) Uq(hˆ) · v = Cv,
(iii) for any i ∈ I, r ∈ Z, x+i,r · v = 0.
Such a representation is in the category O. For γ ∈ Hom(Uq(hˆ),C) an algebra
morphism, we have a corresponding Verma module M(γ) by Theorem 2.13, and a
simple representation V (γ) which are ℓ-highest weight.
Theorem 2.16. [22, 23] The simple representation V (γ) is integrable if there is (λ, (Pi)i∈I) ∈
P+ × (1 + uC[u])I satisfying γ(kh) = q
λ(h) for any h ∈ h and for i ∈ I the relation in
C[[z]] (resp. in C[[z−1]])
γ(φ±i (z)) = q
deg(Pi)
Pi(zq
−1)
Pi(zq)
.
The polynomials Pi are called Drinfeld polynomials and the representation V (γ) is then
denoted by V (λ, (Pi)i∈I).
The Kirillov-Reshetikhin module associated to k ≥ 0, a ∈ C∗ and ℓ ∈ I, is the simple
integrable representation of weight kΛℓ with the n–tuple
Pi(u) =
{
(1− ua)(1 − uaq2) · · · (1− uaq2(k−1)) for i = ℓ,
1 for i 6= ℓ.
If k = 1, it is also called fundamental module.
2.5.2. Loop weight spaces. Consider an integrable representation V of Uq(sl
tor
n+1). As
the subalgebra Uq(hˆ) is commutative, we have a decomposition of the weight spaces Vν
in simultaneous generalized eigenspaces
Vν =
⊕
(ν,γ)∈P×Hom(Uq(hˆ),C)
V(ν,γ),
where V(ν,γ) = {x ∈ V/∃p ∈ N,∀i ∈ I,∀m ≥ 0, (φ
±
i,±m − γ(φ
±
i,±m))
p · x = 0}. If
V(ν,γ) 6= {0}, (ν, γ) is called an ℓ-weight of V .
Definition 2.17. A representation V is said to be ℓ-integrable if
(i) it admits an ℓ-weight space decomposition V =
⊕
(ν,γ) V(ν,γ),
(ii) for all v ∈ V and i ∈ I, Uˆi · v is finite-dimensional.
All the simple ℓ-highest weight representations V (λ, (Pi)i∈I) are ℓ-integrable. An
ℓ-integrable representation of Uq(sl
tor
n+1) is integrable.
Definition 2.18. The Uq(sl
tor
n+1)-module V is weighted if the Cartan subalgebra Uq(hˆ)
acts on V by diagonalizable operators. The module V is thin if it is weighted and the
joint spectrum is simple.
As in [6], we set ψ(z) =
q − q−1z
1− z
.
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Proposition 2.19. [7, 9, 23] Let V be an integrable representation of Uq(sl
tor
n+1). An
ℓ-weight (ν, γ) of V satisfies the property
(i) for all i ∈ I, there exist k, l ∈ N and a1,i, · · · , ak,i, b1,i, · · · , bl,i ∈ C
∗ such that
ν(hi) = k − l and in C[[z]] (resp. in C[[z
−1]])
γ(φ±i (z)) =
∏
1≤u≤k
ψ(au,iqz)
∏
1≤v≤l
ψ(bv,iqz)
−1.(4)
Further if V is in the category O, then
(ii) there exist ω ∈ P+, α ∈ Q+ satisfying ν = ω − α.
2.5.3. q–character of integrable representations. Consider formal variables Y ±1i,a , e
ν with
i ∈ I, a ∈ C∗, ν ∈ P , and let A be the group of monomials m = eω(m)
∏
i∈I,a∈C∗ Y
ui,a(m)
i,a
where ui,a(m) ∈ Z, ω(m) ∈ P are such that∑
a∈C∗
ui,a(m) = ω(m)(hi) for all i ∈ I.
For J ⊂ I, a monomial m is said to be J-dominant if for all j ∈ J and a ∈ C∗ we
have uj,a(m) ≥ 0. An I-dominant monomial is said to be dominant.
Let V be an integrable Uq(sl
tor
n+1)-module. For (ν, γ) an ℓ-weight of V , one defines
from (4) the monomial
m(ν,γ) = e
ν
∏
i∈I
∏
ai∈C∗
Yi,ai
∏
bi∈C∗
Y −1i,bi .
We denote V(ν,γ) = Vm(ν,γ) . By this correspondence between ℓ-weights and monomials
due to Frenkel-Reshetikhin [7], the I-tuple of Drinfeld polynomials are identified with
the dominant monomials. In particular for a dominant monomial m, one denotes by
V (m) the simple module of ℓ-highest weightm. For example V (ekΛℓYℓ,aYℓ,aq2 . . . Yℓ,aq2(k−1))
is the Kirillov-Reshetikhin module associated to k ≥ 0, a ∈ C∗ and ℓ ∈ I, and V (eΛℓYℓ,a)
is the fundamental module associated to a ∈ C∗ and ℓ ∈ I.
Definition 2.20. [7, 9, 23] The q–character of an integrable representation V of Uq(sl
tor
n+1)
with finite-dimensional ℓ-weight spaces is defined by the formal sum
χq(V ) =
∑
m
dim(Vm)m ∈ Z
A.
The set of monomials occurring in χq(V ) is denoted by M(V ).
2.6. Extremal loop weight modules.
2.6.1. Definition.
Definition 2.21. [11] An extremal loop weight module of Uq(sl
tor
n+1) of ℓ-weight m ∈ A
is an integrable representation V such that there is v ∈ Vm satisfying
(i) Uq(sl
tor
n+1) · v = V ,
(ii) v is extremal for Uhq (sl
tor
n+1),
(iii) for each j ∈ I the action of Uv,jq (sltorn+1) is locally finite-dimensional on V : for
any w ∈ V the vector space Uv,jq (sltorn+1) · w is finite-dimensional.
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2.6.2. Examples.
Proposition 2.22. Let m be a dominant monomial. The simple ℓ-highest weight mod-
ule V (m) is an extremal loop weight module of Uq(sl
tor
n+1).
Proof. Let v be a ℓ-highest weight vector of V (m). It is in particular a highest weight
vector of weight ω(m), and satisfies for any i ∈ I
(x−i )
1+ω(m)(hi) · v = 0.
Hence we have a surjective Uq(sˆln+1)-morphism V (ω(m))։ U
h
q (sl
tor
n+1) ·v. As V (ω(m))
is simple, this is an isomorphism and v is extremal for the horizontal quantum affine
subalgebra of weight ω(m).
It remains to show that for any w ∈ V (m) and j ∈ I, Uv,jq (sltorn+1) · w is finite-
dimensional. Actually one can assume that w is a weight vector of weight λ and
that j = 0 in our computations (the third point of Definition 2.21 then follows by
applying θ(j)). Consider W = Uvq (sl
tor
n+1) · w. As the weight lattice of U
v
q (sl
tor
n+1) is
P0 = ZΛ1 + · · ·+ ZΛn, we have
wt(W ) ⊆ {µ ∈ wt(V (m)) | µ(d) = λ(d)}.
As V (m) is in the category O, this set of weights is finite. The weight spaces of V (m)
(and as well W ) being finite-dimensional, W is then finite-dimensional. 
We have recently constructed the first family of extremal loop weight modules which
are not in the category O, using monomial realizations of extremal crystals.
Let d : I×I → N be the map such that for all 0 ≤ i, j ≤ n, d(i, j) is the non-negative
integer defined by
0 ≤ d(i, j) ≤
[
n+ 1
2
]
and |i− j| = d(i, j) mod (n+ 1)
where [x] is the floor of the real number x. The integer d(i, j) corresponds to the
distance between the nodes i and j in the Dynkin diagram of type A
(1)
n . For ℓ ∈ I0, we
denote dℓ = d(0, ℓ).
Theorem 2.23. [21] Assume that n = 2r + 1 is odd and ℓ = 1, r + 1 or n, and set
a ∈ C∗. There exists an irreducible and thin extremal loop weight Uq(sl
tor
n+1)-module of
ℓ-weight e̟ℓYℓ,aY
−1
0,aqdℓ
.
This representation is denoted V (e̟ℓYℓ,aY
−1
0,aqdℓ
) and called extremal fundamental loop
weight module1.
Actually one can construct the representations V (e̟ℓYℓ,aY
−1
0,aq) when n is even and
ℓ = 1 or ℓ = n as in [21] (by using monomial realizations of B(̟ℓ) and formulas in [21,
Theorem 4.11]).
For k ≥ 3 and ǫ ∈ C∗ a primitive k-root of unity, denote by Uǫ(sl
tor
n+1)
′ the algebra
defined as Uq(sl
tor
n+1)
′ with ǫ instead of q (without divided power and derivation element).
1In fact in [21] we constructed the representation V (e̟ℓYℓ,1Y
−1
0,qdℓ
). The Uq(sl
tor
n+1)-module
V (e̟ℓYℓ,aY
−1
0,aqdℓ
) is obtained from V (e̟ℓYℓ,1Y
−1
0,qdℓ
) by twisting the action by ta
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Proposition 2.24. [21] Set p = n+1 and L ≥ 1 when ℓ = 1, n (resp. p = 2 and L > 1
when n is odd and ℓ = n+12 ). Denote by ǫ a primitive [pL]-root of unity.
The Uǫ(sl
tor
n+1)
′-module V (e̟ℓYℓ,aY
−1
0,aqdℓ
)ǫ obtained from V (e
̟ℓYℓ,aY
−1
0,aqdℓ
) by specializ-
ing q at ǫ admits an irreducible and finite-dimensional quotient.
Proposition 2.25. [21]
(i) There exists an irreducible and thin extremal loop weight Uq(sl
tor
4 )-module of
ℓ-weight e2̟1Y1,aY1,aq−2Y
−1
0,aqY
−1
0,aq−1
.
We denote this representation V (e2̟1Y1,aY1,aq−2Y
−1
0,aqY
−1
0,aq−1
)2.
(ii) Set ǫ a primitive [4L]-root of unity, with L ≥ 1.
The Uǫ(sl
tor
4 )
′-module obtained from V (e2̟1Y1,qY1,q−1Y
−1
0,q2
Y −10,1 ) by specializing
q at ǫ admits an irreducible and finite-dimensional quotient.
2.7. Coproduct.
2.7.1. Drinfeld coproduct. Let ∆D be the coproduct defined for all i ∈ I by
(5) ∆D(x
+
i (z)) = x
+
i (z)⊗ 1 + φ
−
i (z) ⊗ x
+
i (z),
(6) ∆D(x
−
i (z)) = x
−
i (z)⊗ φ
+
i (z) + 1⊗ x
−
i (z),
(7) ∆D(φ
±
i (z)) = φ
±
i (z)⊗ φ
±
i (z).
This map does not define a coproduct in the usual sense because (5) and (6) involve
infinite sums and are not elements of Uq(sl
tor
n+1)⊗Uq(sl
tor
n+1). However it can be used to
define a structure of Uq(sl
tor
n+1)-module on (a subspace of) a tensor product of Uq(sl
tor
n+1)-
modules when the summations are well-defined.
2.7.2. Tensor product of representations.
Lemma 2.26. [6] Let V , W be Uq(sl
tor
n+1)-modules. Let U ⊆ V ⊗W be a linear subspace
such that for any u ∈ U and i ∈ I, ∆D(x
±
i (z))·u is well-defined in U . Then ∆D endows
U with a structure of Uq(sl
tor
n+1)-module.
One can define a structure of Uq(sl
tor
n+1)-module in another situation: assume that we
have a decomposition of vector spaces V ⊗W = U ⊕ U ′ such that ∆D(φ
±
i (z)) · U ⊂ U
and ∆D(φ
±
i (z)) · U
′ ⊂ U ′ for all i ∈ I. Let us denote by prU : U ⊕ U
′ → U and
prU ′ : U ⊕ U
′ → U ′ the projections along U and U ′ respectively. Assume that the
action of ∆D(x
±
i (z)) is well-defined on the vectors in U . Assume further that the
operators prU ◦∆D(x
±
i (z)) applied to vectors in U
′ are zero. Then we have
Lemma 2.27. [6] Under the assumptions above, the space U has a structure of Uq(sl
tor
n+1)-
module such that the series x±i (z) and φ
±
i (z) act by prU◦∆D(x
±
i (z)) and prU◦∆D(φ
±
i (z))
respectively.
2It is obtained from the representation V (e2̟1Y1,qY1,q−1Y
−1
0,q2
Y −10,1 ) constructed in [21] by twisting the
action by taq−1
12 MATHIEU MANSUY
Lemma 2.28. Let V1, · · · , Vk be thin Uq(sl
tor
n+1)-modules. Assume that for any i ∈ Z,
1 ≤ r < s ≤ k and v ⊗ w ∈ Vr ⊗ Vs, ∆D(x
±
i (z)) · (v ⊗ w) is a well-defined vector in
Vr ⊗ Vs. Then ∆D endows V1 ⊗ V2 ⊗ · · · ⊗ Vk with a structure of Uq(sl
tor
n+1)-module.
Lemma 2.29. Let V1, · · · , Vk be Uq(sl
tor
n+1)-modules such that for j ∈ I the action of
Uv,jq (sltorn+1) is locally finite-dimensional on all the Vr. Assume that ∆D endows a linear
subspace U ⊆ V1⊗ V2⊗ · · · ⊗ Vk with a structure of Uq(sl
tor
n+1)-module. Then the action
of Uv,jq (sltorn+1) on U is also locally finite-dimensional.
If moreover the Vr are ℓ-integrable, then U is an integrable Uq(sˆl∞)-module.
The proofs of Lemma 2.28 and Lemma 2.29 are straightforward.
2.7.3. Deformation of the Drinfeld coproduct and A-forms. Consider the principal ring
A = {f(u) ∈ C(u) | f regular at u = 1} ⊂ C(u).
Let Uuq (sl
tor
n+1) = Uq(sl
tor
n+1) ⊗C A. The u-deformation ∆
u
D of the Drinfeld coproduct is
defined in [10] as the C(u)-algebra morphism such that
∆uD : Uq(sl
tor
n+1)⊗C C(u)→ (Uq(sl
tor
n+1)⊗ Uq(sl
tor
n+1))((u)),
∆uD(x) = (Id⊗ tu) ◦∆D(x) for any x ∈ Uq(sl
tor
n+1).
Definition 2.30. [10] Let V be an integrable Uq(sl
tor
n+1) ⊗C C(u)-module. An A-form
V˜ of V is a sub A-module of V satisfying
(i) V˜ is stable under Uuq (sl
tor
n+1),
(ii) V˜ generates the C(u)-vector space V ,
(iii) for m ∈ A, V˜ ∪ Vm is a finitely generated A-module.
Proposition 2.31. [10] Let V be an integrable Uq(sl
tor
n+1) ⊗C C(u)-module and V˜ an
A-form of V . Then V˜ /((u− 1)V˜ ) is an integrable Uq(sl
tor
n+1)-module.
3. Tensor product of ℓ-highest weight modules and ℓ-lowest weight
modules
In this section we study tensor products of a simple ℓ-highest weight module and
a simple ℓ-lowest weight module. The main motivation comes from Remark 2.10: as
for the extremal weight modules, we will see that such tensor products are related to
extremal loop weight representations. Let us mention some technical points: to endow
these tensor products with a structure of Uq(sl
tor
n+1)-module, we have to prove that the
summations (5) and (6) are well-defined on them. In fact their convergence depends on
the non-zero complex parameters defining the ℓ-highest weight and the ℓ-lowest weight.
We made the choice to consider in the article the following tensor product
V (esΛℓY sℓ,a)⊗ V (e
−sΛ0Y −s0,b ) with 1 ≤ ℓ ≤ n, a, b ∈ C
∗ and s ≥ 1.
In the first part of this section we prove that, under a condition on a and b, ∆D
endows this tensor product with a structure of Uq(sl
tor
n+1)-module (Theorem 3.1). We
study the link with the extremal loop weight representations in the second part (Propo-
sition 3.6). We get in this way a new construction of the vector representation (Theorem
3.9).
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3.1. Existence of the action on the tensor product.
3.1.1. Main result.
Theorem 3.1. Let ℓ ∈ I0, s ∈ N
∗ and a, b ∈ C∗ be non zero complex numbers and
consider the tensor product
V (esΛℓY sℓ,a)⊗ V (e
−sΛ0Y −s0,b ).
Assume that
a
b
/∈ q−2−dℓ−N. Then the coproduct ∆D is well-defined on this tensor
product and endows it with a structure of Uq(sl
tor
n+1)-module.
By Lemma 2.29, the tensor product module hence obtained is integrable and the action
of Uv,jq (sltorn+1) on it is locally finite-dimensional for all j ∈ I. The rest of this section is
devoted to the proof of Theorem 3.1.
3.1.2. Intermediary results.
Proposition 3.2. [10] Let V be a finite-dimensional Uq(sˆl2)
′-module and fix m ∈ Z.
There are finite numbers of C-linear operators A±k,λ±, B
±
k,λ±
, C±k,λ± : V → V (k ≥ 0,
λ± ∈ C
∗) such that for any r ≥ 0, s ≥ 1 and v ∈ V ,
x+1,m±r · v =
∑
k≥0,λ±∈C∗
λr±r
kA±k,λ±(v),
x−1,m±r · v =
∑
k≥0,λ±∈C∗
λr±r
kB±k,λ±(v),
φ±1,±s · v =
∑
k≥0,λ±∈C∗
λs±s
kC±k,λ±(v).
(8)
Furthermore the non-zero complex numbers λ± are the eigenvalues of the operators
Φ± : End(V )→ End(V ), Φ± =
1
[2]q
ad(h1,±1).
For m = Y1,a1 · · · Y1,akY
−1
1,b1
· · ·Y −11,bl ∈ A, we associate complex numbers λ±(m) such
that
λ±(m) =
∑
1≤u≤k
a±1u −
∑
1≤v≤l
b±1v .
Lemma 3.3. The eigenvalues λ± of Φ± are of the form
λ± =
λ±(m)− λ±(m
′)
[2]q
with m,m′ ∈ M(V ).
Proof. By a standard result of Lie algebras an eigenvalue of ad(h1,±1) is of the form
α± − β± with α±, β± eigenvalues of h1,±1.
Letm ∈ M(V ). It is well-known (see [7]) that the ℓ-weight space Vm is an eigenspace
for the operators h1,±1, associated to the eigenvalues λ±(m). Hence the complex num-
bers λ± we have to consider are of the form
λ± =
λ±(m)− λ±(m
′)
[2]q
with m,m′ ∈ M(V ).
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
Consider the Uq(sl
tor
n+1)-module V (e
sΛℓY sℓ,a) with 1 ≤ ℓ ≤ n, a ∈ C
∗ and s ∈ N∗. For
0 ≤ i ≤ n and w ∈ V (esΛℓY sℓ,a), set W = Uˆi · w.
Lemma 3.4. For all m ∈ M(W ), we have
λ+(m) ∈ aq
d(i,ℓ) · (Z+ qZ[q]) and λ−(m) ∈ a
−1q−d(i,ℓ) · (Z+ q−1Z[q−1]).
Proof. The theory of q–characters for the simple ℓ-highest weight Uq(sl
tor
n+1)-modules
(see [7, 9, 10, 23]) shows that the smallest integer k such that variable Yi,aqk occurs in
χq(V (e
sΛℓY sℓ,a)) is for k = d(i, ℓ). The result follows directly. 
Remark 3.5. An analogous result can be stated for the Uq(sl
tor
n+1)-module V (e
−sΛ0Y −s0,b ):
set W = Uˆi · v with 0 ≤ i ≤ n and v ∈ V (e
−sΛ0Y −s0,b ). We have for any m ∈M(W ),
λ+(m) ∈ bq
−d(i,0) · (Z + q−1Z[q−1]) and λ−(m) ∈ b
−1qd(i,0) · (Z+ qZ[q]).
3.1.3. Proof of Theorem 3.1. Let us show that
V˜ =
(
V (esΛℓY sℓ,a)⊗C V (e
−sΛ0Y −s0,b )
)
⊗C A
is an A-form of V =
(
V (esΛℓY sℓ,a)⊗C V (e
−sΛ0Y −s0,b )
)
⊗CC(u). For i ∈ I and v⊗w ∈ V˜ ,
the vector ∆uD(x
+
i (z)) · (v ⊗ w) is equal to
(x+i (z) · v)⊗w + (φ
−
i (z) · v)⊗ (x
+
i (uz) · w)
For m ∈ Z, the coefficient of zm in the last term above is∑
r≥0
um+r(φ−i,−r · v)⊗ (x
+
i,m+r · w) = u
m(k−1i · v)⊗ (x
+
i,m · w)
+
∑
r≥1
um+r(φ−i,−r · v)⊗ (x
+
i,m+r · w).
With notations used above, the infinite sum at the right hand side is equal to
∑
k≥0,λ−∈C∗
∑
l≥0,λ+∈C∗

∑
r≥1
λr−λ
r
+r
k+lum+r


︸ ︷︷ ︸
=:γk,l,λ−,λ+ (u)
C−k,λ−(v)⊗A
+
l,λ+
(w).(9)
The γk,l,λ−,λ+(u) are rational fractions on u with pole at u = (λ− · λ+)
−1. They are
regular at u = 1: indeed for all λ± occurring in (9) we have by Lemma 3.4
[2]q · λ− ∈ a
−1q−d(i,ℓ) · (Z+ q−1Z[q−1])
and
[2]q · λ+ ∈ bq
−d(i,0) · (Z+ q−1Z[q−1]).
So ([2]q)
2 · λ−λ+ belongs to
b
a
q−d(i,0)−d(i,ℓ) · (Z + q−1Z[q−1]). As
b
a
/∈ q2+d(0,ℓ)+N,
([2]q)
2 · λ−λ+ 6= q
2 + 1 + q−2 and γk,l,λ−,λ+(u) ∈ A. The proof is the same for the
operators x−i (z).
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Hence if
a
b
/∈ q−2−d(0,ℓ)−N V˜ is an A-form of V , and V (esΛℓY sℓ,a)⊗C V (e
−sΛ0Y −s0,b ) =
V˜ /(u − 1)V˜ can be endowed with a structure of Uq(sl
tor
n+1)-module.
3.1.4. Remark. Working with Uq(sl
tor
n+1) instead of its d-deformation Uq,d(sl
tor
n+1) led us
to different considerations than in [6]: indeed the Uq(sl
tor
n+1)-modules (even the funda-
mental modules) are not weighted in general (see [11, Section 4.1]) and we have to deal
with generalized eigenspaces. These difficulties do not occur for Uq,d(sl
tor
n+1) for which
all the simple loop highest weight Uq,d(sl
tor
n+1)-modules are weighted (see [6]).
3.2. Tensor products and extremal loop weight modules. Assume that
a
b
/∈
q−2−dℓ−N in the whole section. Consider the Uq(sl
tor
n+1)-module
T (e̟ℓYℓ,aY
−1
0,b ) = Uq(sl
tor
n+1) · v ⊆ V (e
ΛℓYℓ,a)⊗ V (e
−Λ0Y −10,b ).
Here v is the vector equal to v+ ⊗ v− where v+ (resp. v−) is a ℓ-highest weight vector
of V (eΛℓYℓ,a) (resp. a ℓ-lowest weight vector of V (e
−Λ0Y −10,b )).
We determine necessary conditions for T (e̟ℓYℓ,aY
−1
0,b ) to be an extremal loop weight
module generated by the extremal vector v. Furthermore we show that these conditions
are sufficient in some cases.
3.2.1. Necessary condition.
Proposition 3.6. For the vector v ∈ T (e̟ℓYℓ,aY
−1
0,b ) to be extremal for the horizontal
quantum affine subalgebra, it is necessary that
a
b
= q−dℓ and

n is even and ℓ = 1, n
or
n = 2r + 1 is odd and ℓ = 1, r + 1, n.
(C)
Proof. Assume that 1 < ℓ ≤
[
n+1
2
]
(the case
[
n+1
2
]
≤ ℓ < n deduces by applying ι).
Let us show that a necessary condition for v to be extremal is
n = 2r + 1 odd, ℓ = r + 1 and
a
b
= q−ℓ.
By straightforward computations, we check that for all i ∈ I and ℓ ≤ t ≤ n − 1,
St ◦ · · · ◦ Sℓ(v) is i-extremal and
Sn ◦ · · · ◦ Sℓ(v) =
(
Sn ◦ · · · ◦ Sℓ(v
+)
)
⊗ v−.
The vector hence obtained w1 = Sn◦· · ·◦Sℓ(v
+) is of ℓ-weight Yℓ−1,aqY
−1
n,aqn+2−ℓ
Y0,aqn+1−ℓ ,
and we compute that
x−0,0 ·
(
w1 ⊗ v
−
)
= ψ
(
b
a
qℓ−n−1
)−1
(x−0,0 · w1)⊗ v
−.
But the vector w1 ⊗ v
− is of weight Λℓ−1 − Λn. Then v is extremal only if
ψ
(
b
a
qℓ−n−1
)−1
= 0⇔
b
a
= qn+1−ℓ.
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We show in a symmetric way that we must have
b
a
= qℓ. Hence a necessary condition
for v to be extremal is
b
a
= qℓ and qn+1−ℓ = qℓ, i.e. 2ℓ = n + 1 (note that in this case
b
a
/∈ q2+ℓ+N and the action on the tensor product is well-defined). The proof for the
cases ℓ = 1, n is exactly the same and is not detailed. 
Remark 3.7. Condition (C) provides to the cyclic symmetry of the Dynkin diagram of
type A
(1)
n . For quantum affinizations associated to Dynkin diagrams without cycle, we
expect to obtain extremal loop weight modules for all the nodes of the Dynkin diagram.
3.2.2. Cases ℓ = 1, n.
Proposition 3.8. The Uq(sl
tor
n+1)-module T (e
̟1Y1,aY
−1
0,aq) has a basis labeled by the
tableaux3
j
a
with j ∈ Z,
on which the action of Uq(sl
tor
n+1) is
x+i (z) · j a = δi,j−1δ(aq
j−1z) · j−1
a
,
x−i (z) · j a = δi,jδ(aq
jz) · j+1
a
,
φ±i (z) · j a =


ψ(aqjz) · j
a
if i = j,
ψ(aqj+1z)−1 · j
a
if i = j − 1,
j
a
otherwise
(10)
for all i ∈ I and j ∈ Z and where δu,v is the Kronecker delta.
The proof of Proposition 3.8 is given in Appendix. As a direct consequence we have
Theorem 3.9. Assume that ℓ = 1 or ℓ = n. The Uq(sl
tor
n+1)-module T (e
̟ℓYℓ,aY
−1
0,aq) is
an extremal loop weight module of ℓ-weight e̟ℓYℓ,aY
−1
0,aq.
Furthermore T (e̟ℓYℓ,aY
−1
0,aq) is isomorphic to the extremal fundamental loop weight
Uq(sl
tor
n+1)-module V (e
̟ℓYℓ,aY
−1
0,aq).
Remark 3.10. (1) The representation V (e̟1Y1,aY
−1
0,aq) is introduced in [6] for the
d-deformation Uq,d(sl
tor
n+1) of the quantum toroidal algebra. This is the quan-
tum version of the representation Cn+1 ⊗ C[t±1] of the Lie algebra sln+1(C) ⊗
C[t±1, s±1]. It is called vector representation, and denoted V ( 1
a
) in the fol-
lowing.
(2) The case n = 2r + 1 odd and ℓ = r + 1 is more complicated to treat. We
expect to obtain an analogous result than Theorem 3.9. This will be studied
elsewhere. The Uq(sl
tor
2r+2)-modules V (Yr+1,aY
−1
0,aqr+1
) will be recover thereafter
as subquotients of tensor products of vector representations (Theorem 4.16).
3To facilitate the computations to come, the spectral parameter a is recalled as subscript.
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4. Tensor products of vector representations
In this section we study tensor products of vector representations V ( 1
a
). We
obtain in this way new families of extremal loop weight modules for Uq(sl
tor
n+1). Fur-
thermore we recover all the extremal loop weight representations constructed in [21].
In the first part we recall existence conditions of the action on tensor products
of two vector representations obtained in [6]. In the second part we study the case
of tensor products of k vector representations with generic parameters a1, · · · , ak ∈
C∗ (Theorem 4.2). In the third part we are interested in tensor products of vector
representations when the set of parameters forms a q-segment {a, aq−2, · · · , aq−2(k−1)}
(Theorem 4.9 and Proposition 4.11). As subquotients, we recover the extremal loop
weight representations we defined in [21] (Proposition 4.12 and Theorem 4.16). In the
last part, we obtain by specialization new irreducible finite-dimensional representations
of quantum toroidal algebras at roots of unity.
4.1. Existence conditions.
Proposition 4.1. [6]
(i) The action of Uq(sl
tor
n+1) on the tensor product V ( 1 a)⊗V ( 1 b) is well-defined
if and only if
a
b
/∈ q(n+1)Z.
(ii) Assume that
a
b
= q−2+m(n+1) with m ∈ Z. The module V ( 1
a
)⊗V ( 1
b
) has
a submodule spanned by vectors of the form i
a
⊗ j
b
with i ≤ j+m(n+1).
The submodule and the quotient module are irreducible and thin.
(iii) Assume that
a
b
∈ q2+m(n+1) with m ∈ Z. The module V ( 1
a
)⊗ V ( 1
b
) has
a submodule spanned by vectors of the form i
a
⊗ j
b
with i < j+m(n+1).
The submodule and the quotient module are irreducible and thin.
(iv) In all the other cases, V ( 1
a
) ⊗ V ( 1
b
) is a thin, irreducible Uq(sl
tor
n+1)-
module.
In the following sections, we give new results about tensor products of vector repre-
sentations in the context of extremal loop weight modules.
4.2. The generic case.
4.2.1. Main result.
Theorem 4.2. Let k ∈ N∗ and a1, · · · , ak ∈ C
∗ be such that ai
aj
/∈ q(n+1)Z and
ai
aj
/∈ q±2+(n+1)Z for all i < j. The tensor product of vector representations
V ( 1
a1
)⊗ V ( 1
a2
)⊗ · · · ⊗ V ( 1
ak
)
is an irreducible and thin extremal loop weight Uq(sl
tor
n+1)-module of ℓ-weight
ek̟1Y1,a1 · · ·Y1,akY
−1
0,qa1
· · · Y −10,qak .
We prove the theorem in the rest of this section.
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4.2.2. Existence of the action.
Lemma 4.3. The action of Uq(sl
tor
n+1) on
V = V ( 1
a1
)⊗ V ( 1
a2
)⊗ · · · ⊗ V ( 1
ak
)
is well-defined and the module hence obtained is thin.
Proof. The existence of the action follows by Lemma 2.28 and Proposition 4.1. The
thin property is straightforward, the ℓ-weight
∏
i Yji,aiqji−1Y
−1
ji−1,aiqji
of a vector j1
a1
⊗
· · · ⊗ jk
ak
being completely determined by the sequence (j1, · · · , jk). 
By Lemma 2.29, V is integrable and the action of vertical quantum affine subalgebras
on it is locally finite-dimensional.
4.2.3. Proof of V irreducible.
Lemma 4.4. The Uq(sl
tor
n+1)-module V is irreducible.
Proof. Let us compute the vector x−i (z) ·
(
j1
a1
⊗ · · · ⊗ jk
ak
)
: it is equal to∑
1 ≤ u ≤ k
ju = i
Au δ(auq
juz) · j1
a1
⊗ · · · ⊗ ju+1
au
⊗ · · · ⊗ jk
ak
(11)
with Au =
∏
u < s ≤ k
js = i
ψ
(
as
au
qjs−ju
) ∏
u < s ≤ k
js = i + 1
ψ
(
as
au
qjs−ju+1
)−1
.
By hypothesis on the ai, we have Au 6= 0 for all u. As V is thin, for each 1 ≤ u ≤ k
there exists x ∈ Uq(sl
tor
n+1) such that
x ·
(
j1
a1
⊗ · · · ⊗ ju
au
⊗ · · · ⊗ jk
ak
)
= j1
a1
⊗ · · · ⊗ ju+1
au
⊗ · · · ⊗ jk
ak
.
We show in the same way that for all 1 ≤ v ≤ k, there exists y ∈ Uq(sl
tor
n+1) such that
y ·
(
j1
a1
⊗ · · · ⊗ jv
av
⊗ · · · ⊗ jk
ak
)
= j1
a1
⊗ · · · ⊗ jv−1
av
⊗ · · · ⊗ jk
ak
.
It follows directly that V is irreducible. 
4.2.4. Proof of V loop extremal.
Lemma 4.5. The vector
1
a1
⊗ · · · ⊗ 1
ak
∈ V
is extremal for the horizontal quantum affine subalgebra.
Proof. Applying k times formula (11), we get
(x−1,0)
(k) ·
(
1
a1
⊗ · · · ⊗ 1
ak
)
=
1
[k]q

 ∑
1≤i≤k
∏
j 6=i
ψ(aj/ai)

 · 2
a1
⊗ · · · ⊗ 2
ak
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By the equality (see Example 2.(a) on p.319 of [20]) into the field C(X1, · · · ,Xk, Q)∑
1≤i≤k
∏
j 6=i
QXi −Q
−1Xj
Xi −Xj
=
Qk −Q−k
Q−Q−1
= [k]Q,
we obtain
(x−1,0)
(k) ·
(
1
a1
⊗ · · · ⊗ 1
ak
)
= 2
a1
⊗ · · · ⊗ 2
ak
.
One can show in the same way that for all j ∈ Z,
(x+
j−1,0
)(k) ·
(
j
a1
⊗ · · · ⊗ j
ak
)
= j−1
a1
⊗ · · · ⊗ j−1
ak
,
(x−
j,0
)(k) ·
(
j
a1
⊗ · · · ⊗ j
ak
)
= j+1
a1
⊗ · · · ⊗ j+1
ak
,
x±i,0 ·
(
j
a1
⊗ · · · ⊗ j
ak
)
= 0 otherwise.
The extremality of 1
a1
⊗ · · · ⊗ 1
ak
follows. 
4.3. The non-generic case. Consider the tensor product of vector representations
V ( 1
a
)⊗ V ( 1
aq−2
)⊗ · · · ⊗ V ( 1
aq−2(k−1)
).
Denote by V˜ = V˜

 1...
k
a

 its subvector space spanned by elements
i1
a
⊗ i2
aq−2
⊗ · · · ⊗ ik
aq−2(k−1)
with i1 < i2 < · · · < ik
and V ( 1 · · · 1
a
) its subvector space spanned by elements
j1
a
⊗ j2
aq−2
⊗ · · · ⊗ jk
aq−2(k−1)
with j1 ≥ j2 ≥ · · · ≥ jk.
4.3.1. Existence of the action.
Proposition 4.6. (i) The coproduct ∆D endows V ( 1 a)⊗· · · ⊗V ( 1 aq−2(k−1))
with a structure of Uq(sl
tor
n+1)-module if and only if
(n is even and k ≤ n+ 1) or
(
n is odd and k ≤
n+ 1
2
)
.(E)
(ii) The coproduct ∆D endows V˜

 1...
k
a

 with a structure of Uq(sltorn+1)-module
if and only if k satisfies (E)4.
(iii) The coproduct ∆D endows V ( 1 · · · 1 a) with a structure of Uq(sl
tor
n+1)-module
for all k ∈ N∗.
Proof. The easy following lemma shows that (E) is needed in (i) and (ii).
4These representations were considered in [6] when d 6= 1.
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Lemma 4.7. (i) Assume that k > n+ 1. The action of x−1,0 is not defined on the
vector
1
a
⊗ 2+n+1
aq−2
⊗· · ·⊗ 1+2(n+1)
aq−2(n+1)
⊗ (n+1)n+3
aq−2(n+2)
⊗· · ·⊗ (n+1)k
aq−2(k−1)
.
(ii) Assume that n is odd and k > n+12 = l. The action of x
−
1,0 is not defined on
1
a
⊗ 3
aq−2
⊗· · ·⊗ 1+l
aq−2(l−1)
⊗ 1+2l
aq−2l
⊗ (n+1)l+2
aq−2(l+1)
⊗· · ·⊗ (n+1)k
aq−2(k−1)
.
Now assume that k satisfies (E) and let us show (i) and (ii). By Lemma 2.28 and
Proposition 4.1, the action is well-defined on V = V ( 1
a
) ⊗ · · · ⊗ V ( 1
aq−2(k−1)
).
Set v = i1 ⊗ i2 ⊗ · · · ik with i1 < i2 < · · · < ik. Let us show that x
−
i (z) · v ∈ V˜
for any i ∈ I. From (11), this holds except perhaps if there exists 1 ≤ u ≤ k − 1 such
that iu = i and iu+1 = i + 1. But in this case Au = 0. The proof is the same for the
operators x+i (z).
Fix k ∈ N∗ and let us prove (iii). The action of x−i (z) is well-defined on all vectors
j1 ⊗ · · · ⊗ jk ∈ V ( 1 · · · 1 a): indeed in (11) the coefficients Au become
(12)
∏
u < s ≤ k
js = i
ψ
(
q2(u−s)+js−ju
) ∏
u < s ≤ k
js = i+ 1
ψ
(
q2(u−s)+js−ju+1
)−1
which are well-defined because ju ≥ js. Fix v = i1 ⊗· · ·⊗ ik ∈ V , v /∈ V ( 1 · · · 1 a).
Let us show that the coefficient of x−i (z)·v computed on each vector in V ( 1 · · · 1 a)
is zero: this is trivially the case except perhaps if there exists 1 ≤ u ≤ k − 1 such that
i1 ≥ · · · ≥ iu + 1 = iu+1 ≥ · · · ≥ ik and iu = i. But from (12) Au is equal to 0 in this
case. The result follows by Lemma 2.27 (the proof being the same for the x+i (z)). 
Lemma 4.8. The Uq(sl
tor
n+1)-modules hence obtained are thin and integrable. Further-
more the action of the vertical quantum affine subalgebras are locally finite-dimensional.
Proof. It is easy to show that the map
i1
a
⊗ · · · ⊗ ik
aq−2(k−1)
7→
∏
1≤j≤k
Y
ij ,aq
ij−1−2(j−1)Y
−1
ij−1,aq
ij−2(j−1)
which associates to a vector i1
a
⊗ · · · ik
aq−2(k−1)
its ℓ-weight is bijective when k
satisfies (E) or when we assume in addition that i1 ≥ · · · ≥ ik. Lemma 2.29 gives the
remaining statements. 
4.3.2. Study of the tensor product module.
Theorem 4.9. Assume that k satisfies (E). Then the Uq(sl
tor
n+1)-module
V = V ( 1
a
)⊗ · · · ⊗ V ( 1
aq−2(k−1)
) is an extremal loop weight module of ℓ-weight
ek̟1Y1,aY1,aq−2 · · ·Y1,aq−2(k−1)Y
−1
0,aqY
−1
0,aq−1
· · ·Y −1
0,aq−2(k−1)+1
.
Proof. The fact that the vector
v = 1
a
⊗ 1
aq−2
⊗ · · · ⊗ 1
aq−2(k−1)
is extremal follows by Lemma 4.5 (by setting ai = aq
−2(i−1)).
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Let us prove that V is cyclic, i.e. for all j1 ⊗ · · · ⊗ jk ∈ V there is x ∈ Uq(sl
tor
n+1)
sending v on it. As v is extremal, it suffices to show that when js ≥ 1 for all 1 ≤ s ≤ k.
This is an easy consequence of
Lemma 4.10. For all 1 ≤ s ≤ k and t ≥ 1, there exists y ∈ Uq(sl
tor
n+1) such that
y ·
(
j1 ⊗ · · · js−1 ⊗ t ⊗ 1 ⊗ · · · ⊗ 1
)
= j1 ⊗· · · js−1 ⊗ t+1 ⊗ 1 ⊗· · ·⊗ 1 .
Its proof is similar to the one of Lemma 4.4: by (11), the vector
j1 ⊗ · · · js−1 ⊗ t+1 ⊗ 1 ⊗ · · · ⊗ 1
occurs in
x−
t
(z) ·
(
j1 ⊗ · · · ⊗ js−1 ⊗ t ⊗ 1 ⊗ · · · ⊗ 1
)
with the coefficient As 6= 0. As V is thin, we get the existence of the desired y ∈
Uq(sl
tor
n+1). 
4.3.3. Study of V (| 1 | · · · | 1 |
a
).
Proposition 4.11. The Uq(sl
tor
n+1)-module V ( 1 · · · 1 a) associated to a ∈ C
∗ and
k ∈ N∗ is an irreducible extremal loop weight module of ℓ-weight
ek̟1Y1,aY1,aq−2 · · ·Y1,aq−2(k−1)Y
−1
0,aqY
−1
0,aq−1
· · ·Y −1
0,aq−2(k−1)+1
.
Proof. The fact that
1
a
⊗ 1
aq−2
⊗ · · · ⊗ 1
aq−2(k−1)
is extremal still follows by Lemma 4.5.
Assume in (11) that j1 ≥ j2 ≥ · · · ≥ jk. From (12) the coefficients Au occurring in
it are non zero for each u. Then by Lemma 4.4 V ( 1 · · · 1
a
) is irreducible. 
We recover the extremal loop weight Uq(sl
tor
4 )-module constructed in [21, Section 5].
Proposition 4.12. The Uq(sl
tor
4 )-modules V (e
2̟1Y1,aY1,aq−2Y
−1
0,aqY
−1
0,aq−1
) and
V ( 1 1
a
) are isomorphic.
Proof. The action of Uq(sl
tor
4 ) on V (e
2̟1Y1,aY1,aq−2Y
−1
0,aqY
−1
0,aq−1
) is explicitly known (see
[21]) and is the same than on V ( 1 1
a
). 
4.3.4. Study of V˜ .
Proposition 4.13. Assume that
(n is even and k < n+ 1) or
(
n is odd and k <
n+ 1
2
)
.(E’)
Then V˜ = V˜

 1...
k
a

 is an irreducible Uq(sltorn+1)-module.
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Proof. Assume in (11) that j1 < j2 < · · · < jk. One checks easily that if (E
′) is satisfied,
the coefficients Au are equal to 0 if and only if ju+1 = ju+1. Then we prove that V˜ is
irreducible as in Lemma 4.4. 
We would like to construct extremal loop weight modules of ℓ-weight e̟kYk,aY
−1
0,aqdk
for 1 ≤ k ≤ n. From V˜ it is natural to consider the vector
v = 1
a
⊗ 2
aq−2
⊗ · · · ⊗ k
aq−2(k−1)
∈ V˜ .
But when k satisfies (E′), one shows by straightforward computations that v is not
extremal for the horizontal quantum affine subalgebra. We study the case n = 2r + 1
odd and k = r + 1 in the rest of this section.
Denote by V

 1...
r+1
a

 the subvector space of V˜

 1...
r+1
a

 generated by
i1
a
⊗ i2
aq−2
⊗ · · · ⊗ ir+1
aq−2r
with i1 < i2 < · · · < ir+1
and ir+1 − i1 ≤ n.
Proposition 4.14. The coproduct ∆D endows V = V

 1...
r+1
a

 with a structure of
irreducible and thin Uq(sl
tor
n+1)-module.
Proof. Let i1 = i < i2 < · · · < ir < ir+1 = i + 1 + (n + 1) and v the corresponding
vector in V˜ . From (12) the coefficient A1 in x
−
i
(z) · v is equal to 0. Then by Lemma
2.27 the subvector space V can be endowed with a structure of Uq(sl
tor
n+1)-module (the
proof is the same for the operators x+
i
(z)). Furthermore as V˜ is thin, V is thin also.
We prove that V is irreducible as in Lemma 4.4: indeed if j1 < · · · < jr+1 and
jr+1 − j1 ≤ n, the coefficients Au in (11) are equal to zero only if ju+1 = ju + 1. 
Fix a sequence (i1 < i2 < · · · < ir+1) with ir+1− i1 ≤ n. Let k ∈ Z and 1 ≤ t ≤ r+1
defined such that
(k − 1)(n + 1) ≤ i1 < · · · < it ≤ k(n+ 1) < it+1 < · · · < ir+1.
We associate to this sequence a couple (s, T ) of an integer s = −t + k(r + 1) and a
Young tableaux T of shape (r + 1)
(it+1−k(n+1) < · · · < ir+1−k(n+1) < i1− (k−1)(n+1) < · · · < it− (k−1)(n+1)).
This correspondence is bijective. Then we set
Taq2s = i1 a ⊗ i2 aq−2 ⊗ · · · ⊗ ir+1 aq−2r
∈ V

 1...
r+1
a

 ,
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where (i1 < · · · < ir+1) is the sequence associated to (s, T ). The family {Taq2s}T,s is a
basis of V

 1...
r+1
a

.
Proposition 4.15. The action of Uq(sl
tor
n+1) on V

 1...
r+1
a

 is given by
x+i (z) · Tb =
∑
1 ≤ p ≤ r + 1
ip = i+ 1
δ(bqi−2pz)(e˜i · T )bq−2δi,0 ,
x−i (z) · Tb =
∑
1 ≤ p ≤ r + 1
ip = i
δ(bqi−2pz)(f˜i · T )bq2δi,0 ,
(13)
φ±i (z) · Tb =


∏
p
ip = i + 1
ip−1 6= i
ψ(bqi−2p+2z)−1
∏
p
ip = i
ip+1 6= i + 1
ψ(bqi−2pz)

 · Tb(14)
where T = (1 ≤ i1 < i2 < · · · < ir+1 ≤ n+ 1) is a Young tableau of shape (r + 1) and
i ∈ I, b ∈ aq2Z.
The operators e˜i and f˜i in (13) are the Kashiwara operators in the crystal of semi-
standard Young tableaux of shape (r+1). Their action is such that: for i 6= 0 we have
e˜i ·T = T
′ where T ′ is obtained from T by replacing i+1 by i. If it is not possible (i.e.
when we have both i+1 and i in T or when i+1 does not occur in T ), then it is zero.
Similarly f˜i · T = T
′′ or 0, where T ′′ is given by replacing i by i+ 1. For the action of
e˜0 and f˜0, we have
e˜0 · T =
{
0 if i1 6= 1 or ir+1 = n+ 1,
(i2, · · · , ir+1, n+ 1) if i1 = 1 and ir+1 6= n+ 1,
f˜0 · T =
{
0 if i1 = 1 or ir+1 6= n+ 1,
(1, i1, · · · , ir) if i1 6= 1 and ir+1 = n+ 1.
Proof. This is a rewriting of (11) for this subquotient module. 
Theorem 4.16. The representation V

 1...
r+1
a

 is isomorphic to the extremal fun-
damental loop weight module V (e̟r+1Yr+1,aq−r−2Y
−1
0,aq−1
).
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In particular, V

 1...
r+1
a

 is ℓ-extremal of ℓ-weight e̟r+1Yr+1,aq−r−2Y −10,aq−1 .
Proof. We got formulas of the action of Uq(sl
tor
n+1) on V (e
̟r+1Yr+1,aq−r−2Y
−1
0,aq−1
) in [21,
Theorem 4.12] in terms of monomial crystals. They can be rewritten in Young tableaux
notations by setting for all b ∈ C∗ and j ∈ Z
j
b
= Y −1
j−1,bqj
Yj,bqj−1 .
We recover in this way formulas (13) and (14). 
4.4. Finite-dimensional representations at roots of unity. Set L ≥ 1 and let ǫ
be a primitive [(n+ 1)L]-root of unity. Recall that Uǫ(sl
tor
n+1)
′ is the algebra defined as
Uq(sl
tor
n+1) with ǫ instead of q (without divided power and derivation element).
For a ∈ C∗, let V ( 1
a
)ǫ be the Uǫ(sl
tor
n+1)
′-module obtained from V ( 1
a
) by spe-
cializing q at ǫ in (10) and by taking a quotient (see [21]): it is irreducible of dimension
[(n + 1)L].
Theorem 4.17. Let k ∈ N∗ and a1, · · · , ak ∈ C
∗ be such that
ai
aj
/∈ {1, ǫn+1, · · · , ǫ(n+1)(L−1)} and
ai
aj
/∈ {ǫ±2, ǫ±2+(n+1), · · · , ǫ±2+(n+1)(L−1)}
for all 1 ≤ i, j ≤ k. Then ∆D endows the tensor product
V ( 1
a1
)ǫ ⊗ V ( 1 a2)ǫ ⊗ · · · ⊗ V ( 1 ak)ǫ
with a well-defined structure of Uǫ(sl
tor
n+1)
′-module. Furthermore it is irreducible and
finite-dimensional of dimension [(n+ 1)L]k.
Proof. The proof is the same than when q is not a root of unity. 
5. Tensor products of Uq(sl
tor
2r+2)-modules V (Yr+1,aY
−1
0,aqr+1
)
In the whole section we assume that n = 2r + 1 is odd with r ≥ 1. We study
tensor products of representations V

 1...
r+1
a

. We obtain new extremal loop weight
modules for Uq(sl
tor
n+1).
In the first part we study a tensor product with two factors (Proposition 5.1). The
case of tensor products with generic complex parameters is considered in the second
part (Theorem 5.2). In the last part we get new irreducible finite-dimensional modules
over Uǫ(sl
tor
n+1)
′ by specializing q at a root of unity ǫ.
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5.1. Existence conditions.
Proposition 5.1. The action of Uq(sl
tor
n+1) on the tensor product
V

 1...
r+1
a

⊗ V

 1...
r+1
b


is well-defined if and only if
a
b
/∈ q2Z.
Proof. Let us consider
T (1) = (1 ≤ i
(1)
1 < · · · < i
(1)
ℓ ≤ n+ 1) and T
(2) = (1 ≤ i
(2)
1 < · · · < i
(2)
ℓ ≤ n+ 1)
two Young tableaux of shape (r + 1) and α ∈ aq2Z, β ∈ bq2Z. Consider the vector
x−i (z) ·
(
T
(1)
α ⊗ T
(2)
β
)
. It is a linear combination of T
(1)
α ⊗ (f˜i · T
(2))
βq
2δi,0 and (f˜i ·
T (1))
αq
2δi,0 ⊗ T
(2)
β . The coefficient on the first vector is well-defined. For the second
one, it is equal to
∑
1 ≤ u ≤ r + 1
i(1)u = i
δ(αqi−2uz)


∏
v
i(2)v = i+ 1
i
(2)
v−1 6= i
ψ
(
β
α
q2(u−v)+2
)−1 ∏
v
i(2)v = i
i
(2)
v+1 6= i+ 1
ψ
(
β
α
q2(u−v)
)


which is well-defined if and only if
α
β
q2(v−u) 6= 1. Then a necessary and sufficient
condition is that
a
b
/∈ q2Z. Similar computations for x+i (z) lead to the same condition.
Lemma 2.26 gives the result. 
5.2. The generic case.
Theorem 5.2. Let k ∈ N∗ and a1, · · · , ak ∈ C
∗ be such that ai
aj
/∈ q2Z for each i < j.
Then the tensor product
V = V


1
...
r+1
a1

⊗ V


1
...
r+1
a2

⊗ · · · ⊗ V


1
...
r+1
ak


is an irreducible and thin extremal loop weight Uq(sl
tor
n+1)-module of ℓ-weight
ek̟r+1Yr+1,a1 · · ·Yr+1,akY
−1
0,a1qr+1
· · ·Y −1
0,akqr+1
.
Proof. The existence of the action follows by Proposition 5.1 and Lemma 2.28. The
representation V hence obtained is a subquotient of tensor products of vector repre-
sentations and we are led to similar studies as the above section. Then we prove in the
same way the remaining statements of Theorem 5.2. We do not detail these points.

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5.3. Finite-dimensional representations at roots of unity. Set L > 1 and let ǫ
be a primitive [2L]-root of unity. For all a ∈ C∗, let V

 1...
r+1
a


ǫ
be the Uǫ(sl
tor
n+1)
′-
module obtained from V

 1...
r+1
a

 by specializing q at ǫ in (13) and (14) and by taking
a quotient (see [21]): it is an irreducible and finite-dimensional Uǫ(sl
tor
n+1)
′-module of
dimension L ·
(
n+ 1
r + 1
)
. We prove as in the generic case that
Theorem 5.3. Let k ∈ N∗ and a1, · · · , ak ∈ C
∗ be such that ai
aj
/∈ ǫ2Z for all i < j.
Then ∆D endows the tensor product
V


1
...
r+1
a1


ǫ
⊗ V


1
...
r+1
a2


ǫ
⊗ · · · ⊗ V


1
...
r+1
ak


ǫ
with a well-defined structure of Uǫ(sl
tor
n+1)
′-module. Furthermore it is irreducible and
finite-dimensional of dimension
[
L ·
(
n+ 1
r + 1
)]k
.
6. Further possible developments
In a further paper we expect to construct extremal loop weight modules for quantum
toroidal algebras of any type. We give here an example of such construction for the
quantum toroidal algebra Uq(g
tor) of type D4.
1 2 3
4
0
Let us consider the tensor product V (eΛ1Y1,a)⊗ V (e
−Λ0Y −1
0,aq2
).
Proposition 6.1. The coproduct ∆D endows V (e
Λ1Y1,a)⊗V (e
−Λ0Y −1
0,aq2
) with a struc-
ture of Uq(g
tor)-module.
Proof. This follows by Theorem 3.1, the proof holding in type D4. 
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Let T (e̟1Y1,aY
−1
0,aq2
) be the sub-Uq(g
tor)-module of V (eΛ1Y1,a)⊗ V (e
−Λ0Y −1
0,aq2
) gen-
erated by v+⊗ v− where v+ (resp. v−) is a ℓ-highest weight vector of V (eΛ1Y1,a) (resp.
a ℓ-lowest weight vector of V (e−Λ0Y0,aq2)).
Theorem 6.2. T (e̟1Y1,aY
−1
0,aq2
) is an extremal loop weight Uq(g
tor)-module of ℓ-weight
e̟1Y1,aY
−1
0,aq2
.
Proof. One can compute the action of Uq(g
tor) on T (e̟1Y1,aY
−1
0,aq2
) as in the proof of
Proposition 3.8: it is given by the monomial realization M(e̟1Y1,1Y
−1
0,q2
) of B(̟1)
and formulas in [21, Theorem 4.12]. We do not detail these calculations. The result
follows. 
As in type A, T (e̟1Y1,aY
−1
0,aq2
) is irreducible and Res(T (e̟1Y1,aY
−1
0,aq2
)) is isomorphic
to the extremal fundamental weight Uq(gˆ)-module V (̟1). Furthermore by specializing
q at roots of unity, we have
Proposition 6.3. Set L ≥ 1 and assume that ǫ is a primitive [6L]-root of unity. There
exists an irreducible Uǫ(g
tor)′-module of dimension 8L.
Proof. As in [21] one checks that the Uǫ(g
tor)′-module obtained from T (e̟1Y1,aY
−1
0,aq2
)
by specializing q at ǫ has an irreducible and finite-dimensional quotient. 
Appendix. Action on the Uq(sl
tor
n+1)-module T (e
̟1Y1,aY
−1
0,aq)
The Appendix is devoted to the proof of Proposition 3.8. We assume in this section
that a is equal to one. Then the result will follow by twisting the action by ta. To
simplify the notations, we denote by Yi,l the variable Yi,ql for i ∈ I and l ∈ Z.
So let us consider the Uq(sl
tor
n+1)-module
T (e̟1Y1,0Y
−1
0,1 ) = Uq(sl
tor
n+1) ·
(
vY1,0 ⊗ wY −10,1
)
⊆ V (eΛ1Y1,0)⊗ V (e
−Λ0Y −10,1 )
where vY1,0 (resp. wY −10,1
) is a ℓ-highest weight vector of V (eΛ1Y1,0) (resp. a ℓ-lowest
weight vector of V (e−Λ0Y −10,1 )).
To study the action of Uq(sl
tor
n+1) on T (e
̟1Y1,0Y
−1
0,1 ), we determine the action in each
Uq(sˆl2)
′-direction on the met vectors. In particular, we will have to study Uq(sˆl2)
′-
modules generated by ℓ-highest weight vectors of ℓ-highest weight of the form Yl or
YlYm (l,m ∈ Z, l 6= m). By the theory of Weyl modules [3], these representations are
known: they are isomorphic to the simple ℓ-highest weight Uq(sˆl2)
′-modules of ℓ-highest
weights Yl and YlYm respectively. This will be used in the whole computations.
Consider the action on the vector vY1,0 ⊗ wY −10,1
: we have
x+0 (z) ·
(
vY1,0 ⊗wY −10,1
)
= δ(z) · vY1,0 ⊗ wY −11,0 Y
−1
n,0Y0,−1
,
x−1 (z) ·
(
vY1,0 ⊗wY −10,1
)
= δ(qz) · v
Y0,1Y
−1
1,2 Y2,1
⊗ w
Y −10,1
,
x±i (z) ·
(
vY1,0 ⊗wY −10,1
)
= 0 in all the other cases,
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where v
Y0,1Y
−1
1,2 Y2,1
= x−1,0 · vY1,0 and wY −11,0 Y
−1
3,0 Y0,−1
= x+0,0 · wY −10,1
are vectors of ℓ-weight
Y0,1Y
−1
1,2 Y2,1 and Y
−1
1,0 Y
−1
3,0 Y0,−1 respectively.
Let us show by induction that for all j ≥ 1,
x+j (z) ·
(
vY0,1Y −1j,j+1Yj+1,j
⊗ wY −10,1
)
= δ(qjz)vY0,1Y −1j−1,jYj,j−1
⊗ wY −10,1
,
x−j+1(z) ·
(
vY0,1Y −1j,j+1Yj+1,j
⊗ wY −10,1
)
= δ(qj+1z)vY0,1Y −1j+1,j+2Yj+2,j+1
⊗ wY −10,1
,(15)
x±j (z) ·
(
vY0,1Y −1j,j+1Yj+1,j
⊗ wY −10,1
)
= 0 in all the other cases,
where vY0,1Y −1j+1,j+2Yj+2,j+1
is a ℓ-weight vector of weight Y0,1Y
−1
j+1,j+2Yj+2,j+1.
For j 6= n, 0 mod (n + 1), formulas (15) can be obtained by easy computations, by
setting v
Y0,1Y
−1
j+1,j+2Yj+2,j+1
= x−
j+1,0
· v
Y0,1Y
−1
j,j+1Yj+1,j
.
We improve what it is happening for the vectors
v
Y0,1Y
−1
n,k(n+1)
Y0,k(n+1)−1
and v
Y0,1Y
−1
0,k(n+1)+1
Y1,k(n+1)
with k ≥ 1.
The particular case n = 3 and k = 1 is easy to compute: the Uˆ0-module
Uˆ0 · vY0,1Y −13,4 Y0,3
is isomorphic to the Kirillov-Reshetikhin Uq(sˆl2)
′-module of ℓ-highest
weight Y0,3Y0,1 on which the action is well-known. We set in this case vY0,1Y −10,5 Y1,4
=
ψ(q−2)−1x−0,0·vY0,1Y −13,4 Y0,3
and v
Y −10,3 Y
−1
0,5 Y1,4Y1,2Y3,2
= x−0,0·vY0,1Y −10,5 Y1,4
(of ℓ-weight Y0,1Y
−1
0,5 Y1,4
and Y −10,3 Y
−1
0,5 Y1,4Y1,2Y3,2 respectively) and we show that formulas (15) hold for them.
Assume that n 6= 3 or k 6= 1 and set m = Y0,1Y
−1
n,k(n+1)Y0,k(n+1)−1. Then Uˆ0 ·
vm is isomorphic to the simple ℓ-highest weight Uq(sˆl2)
′-module of ℓ-highest weight
Y0,k(n+1)−1Y0,1. The action on it is computed in [12, 21]: let us denote
m1 = Y
−1
0,3 Y1,2Yn,2Y
−1
n,k(n+1)Y0,k(n+1)−1 and m2 = Y0,1Y
−1
0,k(n+1)+1Y1,k(n+1).
Then there is vectors vm1 and vm2 of ℓ-weight m1 and m2 respectively such that
x−0 (z) · vm = ψ(q
k(n+1)−2)δ(q2z)ψ(q2z)−1 · vm1
+ψ(q2−k(n+1))δ(qk(n+1)z)ψ(q2z)−1 · vm2 .
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The action on vm ⊗wY −10,1
is:
x+0 (z) ·
(
vm ⊗ wY −10,1
)
= 0,
x−0 (z) ·
(
vm ⊗ wY −10,1
)
= ψ(qk(n+1)−2)δ(q2z)ψ(1)−1 · vm1 ⊗ wY −10,1
+ψ(q2−k(n+1))δ(qk(n+1)z)ψ(q2−k(n+1))−1 · vm2 ⊗ wY −10,1
= δ(qk(n+1)z) · vm2 ⊗ wY −10,1
,
x+n (z) ·
(
vm ⊗ wY −10,1
)
= δ(qk(n+1)−1z) · v
Y0,1Y
−1
n−1,k(n+1)−1
Yn,k(n+1)−2
⊗ w
Y −10,1
,
x±i (z) ·
(
vm ⊗ wY −10,1
)
= 0 in all the other cases.
Then we obtain formulas (15) for all j ≥ 1. By the same process we get similar
formulas for vectors of the form vY1,0 ⊗wY −11,0 Y
−1
n+1−j,1−jYn+2−j,−j
with j ≥ 1. Proposition
3.8 follows by setting
j
1
= vY0,1Y −1j,j+1Yj+1,j
⊗ wY −10,1
for j ≥ 0
and
j
1
= vY1,0 ⊗ wY −11,0 Y
−1
n+1−j,1−jYn+2−j,−j
for j < 0.
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